CP T groups for spinor fields in de Sitter and anti-de Sitter spaces are defined in the framework of automorphism groups of Clifford algebras. It is shown that de Sitter spaces with mutually opposite signatures correspond to Clifford algebras with different algebraic structure that induces an essential difference of CP T groups associated with these spaces. CP T groups for charged particles are considered with respect to phase factors on the various spinor spaces related with real subalgebras of the simple Clifford algebra over the complex field (Dirac algebra). It is shown that CP T groups for neutral particles which admit particle-antiparticle interchange and CP T groups for truly neutral particles are described within semisimple Clifford algebras with quaternionic and real division rings, respectively. A difference between bosonic and fermionic CP T groups is discussed.
Introduction
As is known, de Sitter and anti-de Sitter spaces of different dimensions have been extensively studied during the past two decades mainly with the purpose of understanding the correspondence between supergravity in a five-dimensional anti-de Sitter space and N = 4 supersymmetric field theory in four dimensions. On the other hand, quantum field theory on the de Sitter spacetime by itself at present time is a rapid developing area in theoretical and mathematical physics [1] - [7] . One of the first problem, which naturally arising in this context, is an investigation of CP T groups for spinor fields in de Sitter R 1,4 and anti-de Sitter R 3,2 spaces. In this paper CP T groups are considered in the spaces R 4,1 and R 1,4 with mutually opposite signatures (+, +, +, +, −) and (−, −, −, −, +). The difference of signatures induces difference of Clifford algebras associated with these spaces. So, for the algebra Cℓ 4,1 , associated with the space R 4,1 , there is an isomorphism Cℓ 4,1 ≃ C 4 , where C 4 is a Dirac algebra, and for the algebra Cℓ 1,4 , associated with the space R 1,4 , we have a A → A, A → A ⋆ , pseudoantiautomorphisms A → A and A → A ⋆ , respectively [9] . The group {1, P, T, P T, C, CP, CT, CP T } at the conditions P 2 = T 2 = (P T ) 2 = C 2 = (CP ) 2 = (CT ) 2 = (CP T ) 2 = 1 and commutativity of all the elements forms an Abelian group of order 8, which is isomorphic to a cyclic group Z 2 ⊗ Z 2 ⊗ Z 2 . In turn, the extended automorphism group {Id, ⋆, , ⋆, , ⋆, , ⋆} {1, P, T, P T, C, CP, CT, CP T } ≃ {Id, ⋆, , ⋆, , ⋆, , ⋆} ≃ Z 2 ⊗ Z 2 ⊗ Z 2 .
It has been shown [9] that there exist 64 universal coverings of the orthogonal group O(p, q): is a full CP T group. C a,b,c,d,e,f,g is a finite group of order 16 (a complete classification of these groups is given in [9] ). At this point, the group Ext(Cℓ p,q ) = C a,b,c,d,e,f,g
is called as a generating group. In 2003, CP T group was introduced [9] in the context of an extension of automorphism groups of Clifford algebras. The relationship between CP T groups and extraspecial groups and universal coverings of orthogonal groups was established in [9, 10] . In 2004, Socolovsky considered the CP T group of the spinor field with respect to phase factors [11] . CP T groups of spinor fields in the de Sitter spaces of different signatures were studied in the works [12, 13] . CP T groups for higher spin fields have been defined in [14] on the spinspaces associated with representations of the spinor group Spin + (1, 3) (a universal covering of the proper orthocronous Lorentz group).
3 CP T groups in the space R
4,1
In 1935, Dirac [15] introduced relativistic wave equations in a five-dimensional pseudoeuclidean space R 4,1 (de Sitter space),
where five 4 × 4 Dirac matrices γ µ satisfy the relations
The algebra Cℓ 4,1 , associated with the space R 4,1 , has a complex division ring K ≃ C, the type p − q ≡ 3 (mod 8). Hence it follows the isomorphism Cℓ 4,1 ≃ C 4 , where C 4 is a Clifford algebra over the complex field F = C (so-called Dirac algebra).
As is known [16] - [20] , a structure of the Clifford algebras admits a very elegant description in terms of finite groups. In accordance with a multiplication rule
basis elements of the Clifford algebra Cℓ p,q (the algebra over the field of real numbers, F = R) form a finite group of order 2 n+1 , G(p, q) = {±1, ±e i , ±e i e j , ±e i e j e k , . . . , ±e 1 e 2 · · · e n } (i < j < k < . .
.). (4)
A finite group G(4, 1) corresponding to Cℓ 4,1 ≃ C 4 is a particular case of (4). So, in accordance with (4) the Dirac group G(4, 1) is defined by the following set: It is a finite group of order 64 with the order structure (31, 32) . The Dirac group is an extraspecial two-group. For this group the following isomorphism holds:
where Q 4 is a quaternion group, D 4 is a dihedral group, Z 4 is a complex group, • is a central product (Q 4 and D 4 are finite groups of order 8). The center of G(4, 1) is isomorphic to the complex group Z 4 (finite group of order 4). G(4, 1) is the nonAbelian group (as all Salingaros groups, except the first three groups Z 2 , Ω 0 = Z 2 ⊗Z 2 and S 0 = Z 4 ). In dependence on the division ring structure the algebra C 4 has five real subalgebras. Three subalgebras with the quaternionic ring K ≃ H: the spacetime algebra Cℓ 1,3 , Cℓ 4,0 and Cℓ 0,4 . Two subalgebras with the real ring K ≃ R: the Majorana Cℓ 3,1 and Klein Cℓ 2,2 algebras. In accordance with (4), real subalgebras Cℓ p,q ⊂ C 4 form five finite groups of order 32. Three subalgebras with the ring K ≃ H form finite groups which isomorphic to the central product Q 4 • D 4 , and two subalgebras with the ring K ≃ R form finite groups defined by the product D 4 • D 4 [12] .
If we consider a spinor representation (a left regular representation in a spinspace S), then the units e i of the algebra C 4 are replaced by γ-matrices via the rule γ i = γ(e i ), where γ is a mapping of the form Cℓ p,q γ −→ End K (S), Cℓ p,q ⊂ C 4 . In the papers [12, 13] matrices γ i = γ(e i ) were defined via a Brauer-Weyl representation [21] . Following to a more rigorous algebraic framework [22] , we see that a definition procedure of the spinor representation over the ring K is hardly fixed and depends on the structure of primitive idempotents f of the algebra Cℓ p,q . As is known, for the Clifford algebra Cℓ p,q over the field F = R there is an isomorphism Cℓ p,q ≃ End K (I p,q ) ≃ Mat 2 m (K), where m = (p + q)/2, I p,q = Cℓ p,q f is a minimal left ideal of Cℓ p,q , and K = f Cℓ p,q f is a division ring of Cℓ p,q . The primitive idempotent of the algebra Cℓ p,q has the form 
is an Abelian group. The values of k are defined by a formula k = q − r q−p , where r i are the Radon-Hurwitz numbers [23, 24] , values of which form a cycle of the period 8: r i+8 = r i + 4. The values of all r i are i 0 1 2 3 4 5 6 7 r i 0 1 2 2 3 3 3 3 .
In terms of finite groups we have here an idempotent group
is a finite group of order 2 1+p+r q−p [25, 26, 27] . It is obvious that G p,q (f ) is a normal subgroup of G(p, q).
Now we are in a position that allows us to define CP T groups for the algebra Cℓ 4,1 ≃ C 4 in dependence on the division ring structure of the real subalgebras Cℓ p,q ⊂ C 4 . We consider in sequence CP T groups generated by the subalgebras Cℓ 1,3 , Cℓ 4,0 , Cℓ 0,4 , Cℓ 3,1 , Cℓ 2,2 . First of all, in accordance with Theorem 9 in [9] Clifford algebras over the field F = C correspond to charged particles such as electron, proton and so on.
The subalgebra Cℓ 1,3
So, the primitive idempotent of the spacetime algebra Cℓ 1,3 is defined by an expression f = 1 2
(1 + e 14 ), and a division ring has the form
where i, j, k are well known quaternion units. Therefore, the mapping Cℓ 1,3 γ −→ End H (S 2 ) leads to the following representation:
Let us define CP T group for the algebra Cℓ 1,3 . First of all, Cℓ 1,3 has the type p − q ≡ 6 (mod 8), therefore, all the eight automorphisms exist (see Theorem 10 in [9] ). Using γ-matrices of the spinbasis (5), we define elements of the group Ext (Cℓ 1,3 ). The matrix of the automorphism A → A ⋆ has the form W = γ 1 γ 2 γ 3 γ 4 = γ 1234 . Further, since γ
1 Here we use the CLIFFORD package for Maple developed by R. Ab lamowicz [28] .
Hence it follows that E commutes with γ 1 , γ 2 , γ 3 and anticommutes with γ 4 , that is, E = γ 123 . From the definition C = EW we find that the matrix of the antiautomorphism A → A ⋆ has the form C = γ 4 . The spinbasis (5) contains both complex and real matrices:
From the latter relations we find Π = γ 23 . Further, in accordance with K = ΠW for the spinor representation of the pseudoautomorphism A → A ⋆ we have K = γ 14 . Finally, for the pseudoantiautomorphisms A → A (CT -transformation) and A → A ⋆ (CP T -transformation) from the definitions S = ΠE and F = ΠC we find that S = γ 1 and F = γ 234 . Thus, we come to the following automorphism group:
The multiplication table of this group is given in the Tab. the group Ext(Cℓ 1,3 ) is a non-Abelian finite group with the signature (−, −, −, −, +, +, +).
. It is easy to verify that the same group we obtain for the idempotent f = (1 − e 14 ). In common with the idempotents f
(1 ± e 14 ) the algebra Cℓ 1,3 has the following sequence of primitive idempotents:
It is easy to verify that idempotents f
lead with minor variations to the group * Z 4 ⊗ Z 2 ⊗ Z 2 . We list below division rings, spinbases and CP T groups for f 24 , e 34 } ≃ {1, i, j, k} ≃ H,
It is not hard to see that idempotents f
In contrast to f
(1 ± e 234 ) we have other realizations of C a,b,c,d,e,f,g . Indeed,
In the spinbasis (6) we see that all the γ-matrices are symmetric,
Therefore, the matrix E of the antiautomorphism A → A commutes with all the matrices of (6). This condition takes place only in the case when E ∼ 1 4 . We suppose E = η t 1 4 , where η t is a phase factor, η t ∈ C * = C − {0}. Then from the definition C = EW we have C = η t γ 1234 for the antiautomorphism A → A ⋆ . The basis (6) contains both complex and real matrices:
Hence it follows that the matrix Π of the pseudoautomorphism A → A commutes with γ 1 and anticommutes with γ 2 , γ 3 , γ 4 . Therefore, the spinor representation of A → A is defined by Π = γ 1 . Further, from the definition K = ΠW we have K = γ 234 for the pseudoautomorphism A → A ⋆ . Finally, from the definitions S = ΠE and F = ΠC we obtain for the pseudoantiautomorphisms A → A and A → A ⋆ the following spinor representations: S = η t γ 1 and F = η t γ 234 . Thus, we come to the following generating group:
Ext
The multiplication table of this group is shown in the Tab. 2. As follows from this In the first case η t = ±1, and in the second case η t = ±i. In general case all the elements of C a,b,c,d,e,f,g (resp. Ext (Cℓ 1,3 ) ) depend on the phase factors. Let us suppose
where η p , η t , η c ∈ C * = C − {0}. Taking into account (7), we obtain
The multiplication table of this general group is given in Tab. 3. The Tab. 3 presents a general generating matrix for any possible CP T groups of the fields of any spin. However, for the spinor field ξ α (spin-1/2 field) there are some restrictions. As is known, many textbooks on quantum field theory (see, for example, [29, 30] ) state that a fermion and its associated antifermion have opposite relative intrinsic parity, that is, for the field of type (1/2, 0) ⊕ (0, 1/2) charge conjugation C and space inversion P anticommute, CP = −P C, {C, P } = 0. At first glance, for higher spin fields, that defined via tensor products ξ
, these restrictions should be changed. Hence it follows that bosonic and fermionic CP T groups should be different. Indeed, a boson and its associated antiboson carry same relative intrinsic parity, that is, for the field of type (1, 0) ⊕ (0, 1) the operations C and P commute, CP = P C, [C, P ] = 0, see [31] . However, Wigner [32] showed that there are theories where a fermion and its associated antifermion have same relative intrinsic parity, [C, P ] = 0; and that a boson and its associated antiboson carry opposite relative intrinsic parity, {C, P } = 0. Later on such theories were called as Bargmann-Wightman-Wigner-type quantum field theories [33, 34] , see also [35, 36, 37] and references therein. At present day this ambiguous situation known as '[C, P ] ± = 0 dilemma' [36] .
In context of the present theory of discrete symmetries '[C, P ] ± = 0 dilemma' has a simple algebraic solution. It is obvious that a choice [C, P ] ± = 0 depends on the spinor representations of P = η p W and C = η c Π. In general, the matrix Π has two different forms: Π = γ α 1 γ α 2 · · · γ αa when a ≡ 0 (mod 2) and Π = γ β 1 γ β 2 · · · γ β b when b ≡ 1 (mod 2), where a complex matrices γ αt and b real matrices γ βs form a basis of the spinor representation of the algebra Cℓ p,q over the ring K ≃ H, a + b = p + q, 0 < t ≤ a, 0 < s ≤ b [9] . It is easy to verify that Π = γ α 1 γ α 2 · · · γ αa always commutes with W, therefore, we have [C, P ] = 0 in this case. In turn, Π = γ β 1 γ β 2 · · · γ β b always anticommutes with W, therefore, {C, P } = 0. Among the groups Ext (Cℓ 1,3 ), considered in this subsection, we see that Ext 
The subalgebra Cℓ 4,0
The next real subalgebra of C 4 is Cℓ 4,0 . This algebra has the type p − q ≡ 4 (mod 8) and the first primitive idempotent f 
Making the same calculations as in the case of Cℓ 1,3 , we come to the group
Hence it follows that Ext 
In common with the idempotent f + 1 the algebra Cℓ 4,0 has the following primitive idempotents:
It is easy to verify that the idempotents f 
and η 
It is not hard to see that for the idempotents f − i (i = 1, . . . , 5) we obtain the same isomorphisms.
The subalgebra Cℓ 0,4
The next real subalgebra of C 4 with the quaternionic ring K = H is Cℓ 0,4 . This algebra has the type p − q ≡ 4 (mod 8) and the first primitive idempotent f 
The generating group Ext + 1 (Cℓ 0,4 ) arising from the spinbasis (11) is
In this case we have
It is easy to verify that for other admissible primitive idempotents within Cℓ 0,4 ,
all the generating groups Ext 
The subalgebra Cℓ 3,1
The first real subalgebra of C 4 with the real division ring K = R is Cℓ 3,1 (so-called Maiorana algebra). This algebra has the type p − q ≡ 2 (mod 8) and the first admissible primitive idempotent is
and K = f 
In case of the type p−q ≡ 2 (mod 8) the matrix Π of the pseudoautomorphism A → A is proportional to the unit matrix (identical transformation) and the extended automorphism group Ext(Cℓ p,q ) is reduced to the group of fundamental automorphisms, Aut ± (Cℓ p,q ) (see Theorem 10 in [9] ). For the idempotent f + 1 and the spinbasis (12) we have
The idempotent f
(1 − e 1 )(1 − e 34 ) leads also to the group Aut + (Cℓ 3,1 ) ≃ Q 4 /Z 2 . Moreover, all other admissible primitive idempotents of Cℓ 3,1 ,
,
generate 20 spinor representations with Aut + (Cℓ 3,1 ) ≃ Q 4 /Z 2 . Therefore, the group C −,−,− ≃ Q 4 is an invariant fact for Cℓ 3,1 . In other words, this result does not depend on the choice of the spinor representation.
The subalgebra Cℓ 2,2
Finally, we come to the subalgebra Cℓ 2,2 ⊂ C 4 . This algebra has the type p − q ≡ 0 (mod 8) and K ≃ R. The mapping Cℓ 2,2 γ −→ End R (S 4 ) for the first admissible primitive idempotent f (1 + e 13 )(1 + e 24 ) gives 
As in the previous case of Cℓ 3,1 the spinor representation of the pseudoautomorphism A → A is reduced to the unit matrix. For the idempotents f ± 1 we have
It is easy to verify that all other primitive idempotents of Cℓ 2,2 ,
(1 ± e 14 )(1 ± e 124 ),
generate spinor representations with Aut − (Cℓ 2,2 ) ≃ Z 4 . Thus, the group C +,−,− ≃ Z 4 ⊗ Z 2 is an invariant fact for the algebra Cℓ 2,2 .
4 CP T groups in the space R
1,4
In the work [38] discrete symmetries for the spinor field in the de Sitter space with the signature (+, −, −, −, −), that is, in the space R 1,4 , have been derived via the analysis of a de Sitter-Dirac wave equation. Discrete symmetries in the de Sitter space with the signature (+, +, +, +, −), that is, in the space R 4,1 , have been considered in the previous section within an algebraic framework based on the automorphism set of Clifford algebras. In this section we study group structure of discrete transformations in the space R 1,4 . In this context the de Sitter spacetime is understood as a hyperboloid embedded in the space R 1,4 :
where η αβ = diag(1, −1, −1, −1, −1). The spinor wave equation in the Sitter spacetime (15) has been derived in [7, 38] . This equation has the form
where x = η αβ γ α x β and ∂ α = ∂ α + H 2 x α x · ∂. In this case 4 × 4 matrices γ α are spinor representations of Cℓ 1,4 and satisfy the relations
The finite group G (1, 4) , associated with the algebra Cℓ 1,4 , is a particular case of (4). It is a finite group of order 64 with the order structure (23, 40) . In Salingaros notation we have the following isomorphism:
Let us define CP T group for the spinor field in the space R 1,4 . First of all, the transformation C (the pseudoautomorphism A → A) for the algebras Cℓ p,q over the field F = R and the ring K ≃ H (the types p − q ≡ 4, 6 (mod 8)) corresponds to particle-antiparticle interchange C ′ (see [9, 10] ). As is known, neutral particles are described within real representations of the Lorentz group. There are two classes of neutral particles: 1) particles which have antiparticles such as neutrons, neutrinos and so on; 2) particles which coincide with their antiparticles (for example, photons). The first class is described by the the algebras Cℓ p,q over the field F = R with the rings K ≃ H and K ≃ H ⊕ H (the types p − q ≡ 4, 6 (mod 8) and p − q ≡ 5 (mod 8)), and the second class (truly neutral particles) is described by the algebras Cℓ p,q over the field F = R with the rings K ≃ R and K ≃ R ⊕ R (the types p − q ≡ 0, 2 (mod 8) and p − q ≡ 1 (mod 8)) (for more details see [9, 10, 39] ).
Since Cℓ 1,4 is a semisimple algebra over the field F = R, then for Cℓ 1,4 we have the following decomposition: Cℓ 1,4 ≃ Cℓ (1 + e 1234 ) ∈ Cℓ 4,0 , which generates the group (10), we have
The multiplication table of this group is given in Tab. 5. In this case when η 2 c = 1
Tab. 5: The multiplication table of Aut we have a Gauss-Klein four-group Aut 5 CP T groups in anti-de Sitter space R
3,2
As it has been shown in the section 4, a five-dimensional pseudoeuclidean space R
1,4
(so called de Sitter space) is associated with the algebra Cℓ 1,4 . In turn, the anti-de Sitter space R 3,2 , associated with the algebra Cℓ 3,2 , leads to the following extraspecial group of order 64:
Let us study discrete symmetries arising from the algebra Cℓ 3,2 associated with the space R 3,2 . First of all, Cℓ 3,2 is a semisimple algebra over the field F = R with a double division ring K ≃ R ⊕ R, the type p − q ≡ 1 (mod 8). In accordance with Theorem 9 in [9] for the algebras Cℓ p,q over the real field F = R with real division rings K ≃ R and K ≃ R ⊕ R (types p − q ≡ 0, 1, 2 (mod 8)) the pseudoautomorphism A → A (charge conjugation C) is reduced to the identical transformation Id, therefore, such algebras correspond to truly neutral particles (for example, photons, K 0 -mesons and so on).
The algebra Cℓ 3,2 admits a decomposition Cℓ 3,2 ≃ Cℓ Further, the decomposition Cℓ 3,2 ≃ Cℓ 2,2 ⊕ Cℓ 2,2 induces a left-regular spinor representation Cℓ 3,2 γ −→ End R⊕R (S 4 ⊕Ŝ 4 ), where S 4 (R) ≃ I 2,2 = Cℓ 2,2 f is a minimal left ideal of the subalgebra Cℓ 2,2 , f is a primitive idempotent of Cℓ 2,2 . In general, this spinor representation is realized within the matrix algebra 2 Mat 4 (R). There is also a homomorphic mapping ǫ : Cℓ 3,2 −→ ǫ Cℓ 2,2 , where ǫ Cℓ 2,2 ≃ Cℓ 2,2 / Ker ǫ is a quotient algebra. In accordance with Theorem 14 in [10] at the mapping ǫ : Cℓ 3,2 → ǫ Cℓ 2,2 we can transfer onto ǫ Cℓ 2,2 only the antiautomorphism A → A (time reversal T ). Therefore, we have Aut( ǫ Cℓ 2,2 ) ≃ {1, T } ≃ {I, E}. It is easy to see that Aut( ǫ Cℓ 2,2 ) ≃ {1, T } is the subgroup of Aut − (Cℓ 2,2 ) ≃ Z 4 (see (14) ) considered in the subsection 3.5. In the spinbasis (13) , defined by the idempotent f + 1 ∈ Cℓ 2,2 , we obtain Aut − ( ǫ Cℓ 2,2 ) ≃ {1, T } ≃ {1 4 , γ 34 } ≃ Z 2 . The multiplication table of Aut − ( ǫ Cℓ 2,2 ) is given in the Tab. 6. Hence it follows that C − ≃ Z 2 ⊗ Z 2 .
In conclusion it should be noted that anti-de Sitter space R 2,3 with the opposite signature (+, +, −, −, −) corresponds to the algebra Cℓ 2,3 of the type p − q ≡ 7 (mod 8). This algebra has the complex division ring K ≃ C and, therefore, there is an isomorphism Cℓ 2,3 ≃ C 4 . It is obvious that in this case we return to CP T groups considered in the section 3.
Summary
In this paper we have study discrete symmetries for the spinor field in the spaces R 4,1 , R 1,4 and R 3,2 in terms of automorphism groups of the algebras Cℓ 4,1 , Cℓ 1,4 and Cℓ 3,2 . The algebras Cℓ 4,1 , Cℓ 1,4 and Cℓ 3,2 are considered here as three model examples of the more general algebraic framework. As is known, the spinor field (the field of the spin-1/2) is described within (1/2, 0) ⊕ (0, 1/2)-representation of the Lorentz group. This representation is a fundamental representation of the group Spin + (1, 3) . For that reason Dirac wrote that spin-1/2 is more elementary rather then spin-0 [41] . All other (finite-dimensional) representations of Spin + (1, 3), which compound higher spin fields, are derived by tensoring of spin-1/2 fields. There is a relationship between representations of Spin + (1, 3) and Clifford algebras [14, 39] . At this point, complex representations of Spin + (1, 3) are described within a system M C = M 0 ⊕ M 1 , and real representations within a system M R = M + ⊕ M − , where 1)
M 0 : C l 0 +l 1 −1,l 0 −l 1 +1 , ↔ C n , n ≡ 0 (mod 2);
